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Abstract—K± → e±νπ0 decays have been studied using the KMN setup at the Institute for High Energy
Physics (Protvino). The experiment has been performed in the 36-GeV/c hadron beams of the IHEP
accelerator. The accumulated data allow us to select ∼1.08M candidates for Ke3 decays. Analyzing the
Dalitz plot of these events, we estimate the linear slope of the charge form factor to be λ+ = [30.44 ±
0.83(stat.) ± 0.74(syst.)] × 10−3.
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1. INTRODUCTION

Semileptonic kaon decays still draw the attention
of experimenters’ by making it possible not only to
observe special features of the electromagnetic and
weak interactions at low energies but also to reveal
manifestation of some other interactions [1–6]. Gen-
erally, the decay matrix element Kl3 is expressed as
follows [7]

M =
GF sin θC√

2
ū(pν)(1 + γ5) (1)

×
{
mKfS − 1

2
[(PK + Pπ)αf+

+ (PK − Pπ)αf−]γα +
fT

mK
σαβP

α
KP

β
π

}
v(pl).

Here, the form factors fS , f±, and fT are functions
of the squared four-momentum transferred to leptons
t = (PK − Pπ)2.

The density of the Kl3 decay events on the Dalitz
plot can be found using Eq. (1), which yields

ρKl3(Eπ, El) ∼ |M |2 (2)

= A|V |2 +BRe(V ∗S) + C|S|2,

where Eπ and El are the pion and lepton energies
calculated in the rest frame of decaying kaon. The

†Deceased.

functions in Eq. (2) which depend on the kinematic
parameters of the decay particles are as follows [8]:

V = f+ +
ml
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]
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)
,
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C = m2
K∆Eπ,

where

∆Eπ = Emax
π − Eπ, Emax

π =
m2

K +m2
π −m2

l

2mK
,

Eν is the neutrino energy, and the following parame-
terization of the vector form factor is adopted [7]:

f+ = f+(0)
[
1 + λ

t

m2
π

+ λ′
( t

m2
π

)2
]
. (3)

In the analysis ofKe3 decay, the terms proportional
to power of the ratio me/mK in Eq. (2) are usually
neglected because these values are on the order of
10−3 or less.

We transformed the analytical calculations for ra-
diation corrections toKe3 decays proposed in [9] into
program codes, which were tuned and verified using
the numerical data [9, 10]. The values of corrections
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Fig. 1. Layout of the experimental setup: (M) magnets; (Q) quadrupole lenses; (CM) correcting magnets; (K) collimators;
(S) scintillation counters; (C, D) threshold and differential Cherenkov counters, respectively; (BH) beam hodoscopes; (DP)
evacuated pipe; (AC) anticoincidence counter; (H) scintillation hodoscopes; (GEPARD) electromagnetic calorimeter.

fell within the limits of the calculation accuracy stated
in the cited articles throughout the kinematic region
ofKe3 decay.

Within the meson dominance model (the pole
model, e.g., see [11]), the t dependence of the form
factor is usually associated with the K∗(890) ex-
change dominance resulting in the following esti-
mate: λ+ = (mπ/mK∗)2. The slopes of the vector
form factor somewhat differ in semileptonic Ke3 de-
cays of neutral and charged kaons due to a difference
in the masses of charged and neutral pions.

2. KMN SETUP

The experiment was carried out on the KMN setup
(IHEP, Protvino) [12–14], which is shown schemati-
cally in Fig. 1. To study K±-meson decays, we used
hadron beams with momentum about 36 GeV/c,
which were produced by 70-GeV protons extracted
from the U-70 accelerator on an external aluminum
target 7mm in diameter and 300mm long. Two dipole
magnets and six quadrupole ones located behind of
the target comprise channel no. 23 [15] which allows
us to extract particles with energies between 10 and
38 GeV/c produced on the target.

The mean hadron flux in the beamline was 4× 106

per accelerator spill of 1.7 s. We used scintillation
counters S1−S4 and beam hodoscopes BH1–BH4
to monitor the beam intensity and to measure beam
particle trajectories. Additionally, the signals from
S1−S4 were used to form the Level-1 trigger.

K± mesons were identified with three thresh-
old (C1−C3) and two differential (D1,D3) gas
Cherenkov counters. The admixture of other particles
in the K-meson peak was far below 1% at the oper-
ating pressure [12]. In addition, the threshold coun-
ters enabled us to mark electrons in the 10-GeV/c

beam and used them to calibrate the GEPARD
electromagnetic calorimeter. For this purpose, two
beam-bending magnets, which allowed scanning
each GEPARD cell, were mounted instead of the
differential counters.

Using the BH1–BH4 beam scintillation ho-
doscopes, it was possible to measure the angles and
the coordinates of the charged particle tracks at the
entrance to the evacuated "decay pipe" (DP) 58.5 m
long; only kaons decayed inside DP (∼20%) were
used in further analysis. The pipe flanges had thin
Mylar windows across the beam. The exit flange
3.6 m in diameter was manufactured from stainless
steel 4 mm thick (0.23X0). The probability of the
conversion of a high-energy γ-quantum into an
e+e−-pair in this flange is∼16%.

Undecayed kaons were detected by an anticoinci-
dence scintillation counter AC. In order to accurately
measure the position of the beam passing through
the whole setup, the BH5 beam hodoscope operat-
ing in the counting mode was mounted behind the
calorimeter.

The products of kaon decays were detected by
three scintillation hodoscopes H1−H3 and the
GEPARD calorimeter. Each hodoscope had two
octagonal planes with a distance of 3.85 m between
their opposite sides. Each plane permitted measuring
the X or Y particle coordinates independently. The
planes were divided into half-planes which did not
overlap. The hodoscope elements had a cross-section
of 14 × 12 mm, and their length was varied from
0.7 to 1.8 m in accordance with the hodoscope
element position. Scintillation light was detected by
FEU-84-3 photomultiplier tubes.

The GEPARD calorimeter contained 1968 cells
with dimensions 75.5 × 75.9 mm . Each cell was a
sandwich of 40 alternating Pb (3 mm) and scintillator
(5 mm) layers. Thus, the total radiation length was
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21X0. Scintillation light from all the cell scintillators
was collected by the FEU-84-3 photomultiplier tubes
by means of a special light guide with wavelength
shifting admixtures.

Signals from the scintillation and Cherenkov
counters were used in the Level-1 trigger. The
decayed-kaon trigger was formed according to the
following logical formula:

T1 = S1 · S2 · S3 · S4 · (D1 +D2)

× C1 · C2 · C3 · AC
(the signals involved in this formula were received
from the detectors indicated in Fig. 1). The Level-
2 trigger performed fast analysis of the amount and
topology of the energy deposition in the GEPARD
trigger modules.

3. EVENT RECONSTRUCTION
AND SELECTION

Processing of each event recorded in the experi-
ment began with the reconstruction of its elements,
including clusters in the calorimeter and the charged
particle tracks. If the topology of events corresponded
to the studied decay, they were subjected to a kine-
matic analysis within a hypothesis suggesting cer-
tain final decay products. Based on the results of
this analysis, the event was either classified as one
of the decays corresponding to the given kinematic
hypotheses or rejected.

3.1. Energy-Deposition Cluster in the Calorimeter

A correlated group of triggered calorimeter cells,
in which the signal amplitude exceeds a certain
threshold value, is traditionally called a cluster. Mea-
surement of the total energy deposited in the cluster
makes possible determination of the energy of elec-
tron (positron) or a γ-quantum passing through the
GEPARD calorimeter. Calibration constants that are
necessary to determine the energy from the measured
signal amplitude have been found for each calorimeter
cell in calibration runs with an electron beam.

The following algorithm was used in search for
the clusters. Triggered calorimeter cells are ordered
with respect to decreasing deposited energy. A cell
with the maximum energy deposition is considered
to be the cluster centre. If there are triggered cells
among eight neighboring cells, they are assigned to
this cluster and excluded from further consideration.
The next cell with the maximum energy is chosen
from the remaining cells. If its energy deposition is
above 0.8 GeV, this cell is considered to be the center
of a new cluster, and the whole procedure is repeated.
If the energy deposition is below 0.8 GeV, the cell is
added to one of the clusters found earlier (if adjacent

to it) or is considered to be the initial one for a new
cluster. The process is over when all the triggered
cells are assigned to one of another cluster. In par-
ticular, a cluster can contain only one cell.

The total energy Eclst of a cluster and the coordi-
nates of its center of gravity (xclst, yclst) are calculated
for each cluster as follows:

Eclst =
Nclst∑
i=1

Ei, (4)

xclst =
Nclst∑
i=1

xcelli Ei/Eclst, yclst =
Nclst∑
i=1

ycelli Ei/Eclst,

where xcelli and ycelli are the coordinates of the center
of the ith calorimeter cell; Ei is the energy deposition
in this cell; the summation is performed over all cells
assigned to a certain cluster. The dispersion of coor-
dinates defined by Eqs. (4) was found using a similar
algorithm.

It was shown [16] that the shower coordinates
defined by Eqs. (4) can be improved if the exponential
behavior of the shower profile is taken into account.
We elaborated and applied a special procedure to
refine the coordinates of the shower origin.

A thorough analysis of the electromagnetic shower
shape enabled us also to obtain corrections to the
cluster energy as a function of the shower coordi-
nates, which were recalculated with respect to the
edge of the calorimeter cell. We calculated these
corrections and presented them in terms of second-
order polynomials in the y coordinate of the shower
origin measured from the cell edge. The polynomial
coefficients vary with the band number along the x
axis, while the band size is fixed at 1/15 of the width
cell.

3.2. Track Reconstruction

Triggered elements of hodoscopes H1−H3 and
the obtained coordinates of the cluster centers were
used to reconstruct the trajectories of the decay
products. To reduce the combinatorial background,
tracks were considered as reconstructed if they had
not less than three measurements for each of the X
and Y coordinates in the H1−H3 hodoscopes and
the GEPARD calorimeter.

Since there is no magnetic field in the setup,
charged particle tracks are straight lines; their pa-
rameterization was selected in the following form:

X = ax + bxZ, Y = ay + byZ.

Track projections in the (X, Z) and (Y , Z) planes
were reconstructed independently by combining co-
ordinates of the triggered elements; the track parame-
ters and the confidence level (CL) for each coordinate
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combination on a straight line were obtained using
the least squares method. At the first stage of data
processing, the uncertainties of the coordinate mea-
surement were assumed to be identical. It enabled us
to considerably reduce the processing time of possi-
ble combinations and to reject a priori unacceptable
variants.

In addition to the width of the hodoscope ele-
ments, the multiple scattering in the hodoscope ma-
terial contributes to the uncertainty of track coordi-
nate determination; its influence upon the accuracy of
the track coordinate measurement was studied using
the Monte Carlo (MC) method. The obtained depen-
dences were approximated with the following function

σH
i =

h√
12

+
Ai

p
, (5)

where h is the width of the hodoscope element, p
is the charged particle momentum, and Ai is the
value which depends on the hodoscope number i. The
simulated Ai values were used in data processing.

At the initial stage of the reconstruction, the
charged particle momentum is unknown; therefore,
values obtained with formula (5) at p = 5GeV/cwere
taken to be the uncertainties in track coordinates.
Subsequently, after estimating the momentum value
as a result of the event kinematic fit, the track
parameters were recalculated with refined values of
the measurement uncertainties.

The method of processing track candidates with
more than two common points is one of the important
special features of the reconstruction procedure. The
CL which depends on the χ2 value and the number of
points in the track was calculated for each event, and
then a single candidate with the maximum CL was
retained.

The following criteria were used to combine the
charged particle projections into a three-dimensional
track: either X and Y projections of the track pass
through the same cluster in the calorimeter or neither
of the projections passes through the cluster but both
of them fall in the same quadrant.

3.3. Event Topology

Only those events were considered in further pro-
cessing for which the hypothesis on the intersection
of a charged decay particle track with the beam axis
had a CL above 5%, and the intersection point (the
event vertex) was inside the volume of the evacuated
pipe. In addition, the reconstructed events satisfied
the following selection criteria:

(i) Three clusters with the energy deposition above
1 GeV must be reconstructed in the calorimeter.

(ii) The track reconstructed using theH1−H3 ho-
doscopes must cross one of the clusters that is called
charged, while the rest of the clusters are considered
neutral.

The events which satisfied these selection criteria
were subjected to kinematic fitting, which allowed us
to introduce the available a priori information into
their processing and to improve the estimations of the
kinematic parameters of the decay particles within the
assumption of the decay type.

3.4. Kinematic Fitting

The following set of the measured values was used
in kinematic fitting: the γ-quantum energies and co-
ordinates (Eγi , xγi , yγi), themean energy ofK meson
and its track parameters (EK , aK

x , bKx , aK
y , bKy ), and

the charged particle track parameters (a±x , b
±
x , a

±
y ,

b±y ). The parameters of the energy-deposition clusters
corrected for the transverse profile of the electromag-
netic shower and for the calorimeter nonuniformity
were taken as the coordinates and energies of γ-
quanta and electrons. The π± meson energy Eπ in
Kπ2 andKπ3 decays and the neutrino momentum pν

inKe3 decay were unknown variables.
The fitting parameter values must satisfy equa-

tions determined by the kinematics of the decay stud-
ied, including four equations corresponding to the
energy-momentum conservation and one equation
for the effective mass of the γ-quantum pair that is
taken equal to the tabulated value of the π0 meson
mass [7]. An additional equation corresponds to the
intersection of the charged track with the beam axis
at point (XV , YV , ZV ) and yields the following rela-
tionship between their parameters:

(bKx − b±x )(aK
y − a±y ) (6)

− (bKy − b±y )(aK
x − a±x ) = 0.

The direction cosines cjx, c
j
y , c

j
z of the γi particle

trajectories (i = 1, 2) are calculated as follows:

cγi
x = (xγi −XV )/ri, cγi

y = (yγi − YV )/ri,

cγi
z = (zcal − ZV )/ri,

ri =
√

(xγi −XV )2 + (yγi − YV )2 + (zcal − ZV )2,

where zcal is the Z coordinate of the electromag-
netic calorimeter. For the charged particles (j =
π±,K±, e±), we obtain

cjx = bjx

/√
1 + (bjx)2 + (bjy)2,

cjy = bjy

/√
1 + (bjx)2 + (bjy)2,
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cjz = 1
/√

1 + (bjx)2 + (bjy)2.

The following final equations can be written for the
four-momentum components and the squared effec-
tive mass of the γ-quantum pair:

cKx p
K − cπxp

π −
∑
i=1,2

cγi
x E

γi = 0, (7)

cKy p
K − cπyp

π −
∑
i=1,2

cγi
y E

γi = 0,

cKz p
K − cπz p

π −
∑
i=1,2

cγi
z E

γi = 0,

2Eγ1Eγ2(1 − cγ1
x cγ2

x − cγ1
y cγ2

y − cγ1
z cγ2

z ) −m2
π0 = 0,

EK −
3∑

i=1

Ei = 0.

The fitting (corrected) kinematic parameters of the
decay products must obey the system of equations (6)
and (7).

The corrected kinematic parameters x′ of the
decay particles were estimated using the Lagrange
method of undetermined multipliers. Here, the fol-
lowing functional was minimized:

χ2 = (x − x′)T V−1(x − x′) − λT f(x′), (8)

where x is the vector of measured kinematic parame-
ters of the decay particles, V is their covariance ma-
trix, and f(x′) are the functions determining a multi-
dimensional surface in the space of fitted parameters.
In particular, there are, 15 measured and 15 fitted
parametersfor the kinematic fit of decayK± → π±π0,
and six kinematic equations are used, one of which
is used for calculation of the charged pion energy.
Hence, there are five constraints in this case (5C-fit).
The hypotheses ofK± → π±π0π0 andK± → e±νπ0

decays correspond to 6C- and 3C-fit, respectively.

Functional (8) was minimized by means of it-
erations with linearization of the constraint equa-
tions and recalculation of covariance matrix of the
corrected values V’ at each iteration. The follow-
ing condition was selected as a prerequisite for the
convergence: reduction of the relative variation at a
particular step must be such that

max
i

(
|xi − x′i|

/√
V ′

ii

)
< 10−5.

The requirement imposed on the precision of va-
lidity of the constraint equations was ≤10−6.

4. MONTE CARLO SIMULATION

The MC simulation of the experiment was per-
formed using theGEANT-3.21 program package [17].
In addition to a detailed description of the setup ge-
ometry, we took into account the experimental data,
including the calibration coefficients for each channel
of the electromagnetic calorimeter, the dependence
of the particle detection efficiency in the scintillation
hodoscopes on the particle coordinates, and the cor-
relations between the spatial and angular coordinates
of beam kaons and between these coordinates and the
kaon momenta. The GEANT standard list of kaon
decays was expanded. We modified the code so that
it enabled simulating any of the known K meson
decays.

The simulated and experimental data were saved
in the same format and processed with the same codes
for their reconstruction and analysis.

A global coordinate system was introduced to de-
scribe the setup geometry and the event reconstruc-
tion, which was determined by the following condi-
tions:

(i) The Z axis is perpendicular to the planes of the
H1−H3 hodoscopes and the GEPARD calorimeter
and passes through the center of the electromagnetic
calorimeter; this axis is directed along the beam parti-
cle motion (theZ axis direction does not coincide with
the beam axis since the latter is inclined∼9mrad with
respect to the horizontal plane).

(ii) The origin of the coordinate system is placedat
the intersection point of the Z axis with the plane of
the exit flange of the evacuated pipe.

(iii) The Y axis is directed upward vertically.
(iv) The X axis is directed so as to complete the

(Y , Z) pair to the right-handed system.
The coordinates of the detectors and their ele-

ments were determined in geodetic measurements,
their results were introduced into the codes of re-
construction of the real and MC events and into the
codes simulating the studied decays. The analysis of
variances for the reconstructed tracks and triggered
elements of various detectors confirmed the adequacy
of the input data. A distance from the point of the
track intersection with the hodoscope plane to the
center of the triggered hodoscope element was used
as the variance for scintillation hodoscopes while a
distance from the point of the track intersection with
the front calorimeter plane to the transverse coordi-
nates of the shower axis was used as the variance for
the calorimeter.

The BH3–BH4 beam hodoscopes separated by a
distance of ∼10 m and located in front of the evac-
uated pipe allowed measuring the parameters of the
spatial and angular distribution of particles in the
beam. These data were used to simulate the particle
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Fig. 2. Electromagnetic calorimeter response E as a function of the electron coordinate x determined with respect to the
calorimeter cell edge. The points and the histogram show the experimental and simulated data, respectively.

distribution in the beamwith the correlations between
the particle coordinates and the directions of their
trajectories taken into account.

The efficiency of the scintillation hodoscopes
recording trajectories of the decay products is one of
the important factors that should be taken into ac-
count in simulating the setup operation.We evaluated
the efficiency by using the tracks of π± mesons with
energies above 5 GeV from K± → π±π0 decays. In
order to avoid uncertainties associated with detection
of the e+e− pairs in the photon conversion at the exit
flange of the evacuated pipe, we selected only single-
track events. The condition of the intersection of the
charged particle trajectories with the front hodoscope
plane allowed the number of the cell traversed by
the particle to be determined even if there was no
signal from the cell. Hence, it allowed us to determine
the probability of signal recording or missing. The
experimental data were subdivided into sample sets
corresponding to the stable operating mode of the
hodoscopes; each hodoscope cell was treated as
described above. The obtained tables of efficiencies
were taken into account in simulating the setup
operation.

5. INHOMOGENE OF THE
ELECTROMAGNETIC CALORIMETER

The structure of each cell of the electromag-
netic calorimeter was described in maximum de-
tail. In particular, we took into account its size,
the alternation of the lead and scintillator layers,
the location and size of the light guide and the
cell steel shield. The studies have shown that to a
considerable extent, the calorimeter inhomogeneity
is caused by the Cherenkov light emitted by the
electromagnetic shower particles traversing the light
guide [18]. In addition to the energy deposition in the
scintillator plates (Esc), the number of the charged
particles which were produced in the cascade and

passed through the light guide (Nlg) was also used
to calculate the particle energy. Functions relating
the Esc and Nlg values to the energy of the particle
absorbed in the calorimeter were obtained from the
MC data for the electron beams and those of the
γ-quanta of different energies as well as from the
experimental data saved on themagnetic tapes during
the test runs with the electron beam. A scintillation
hodoscope was installed upstream of the calorimeter
during these measurements, which measured the
coordinates of electron striking the calorimeter cell.
Thus we obtained the following formula for the energy
Ecell deposited in the calorimeter cell for the simulated
data

Ecell = 7.48Esc + 0.0054Nlg, (9)

where the energy Esc is measured in GeV.
Figure 2 shows the experimental data obtained

in the test run with the typical assembly of two
GEPARD cells and the simulated data calculated
with formula (9). It is evident that the method enables
us to adequately describe the experimental data.

6. RESULTS OF SIMULATION
OF K± → π±π0 DECAYS

Decays K± → π±π0 were used to verify the ade-
quate simulation of the setup operation [12]. Figure 3
presents the distributions of the γ-quantum pairs
with respect to the effective mass for each sample of
the experimental and MC events from these decays;
the energy of the γ-quantum was measured with the
GEPARD electromagnetic calorimeter. The π0 mass
resolution appeared to be∼12.3 MeV while the mean
mass was 135 MeV.

Figure 4 shows the distributions with respect to
kinematic variables for the experimental and simu-
lated events from decaysK± → π±π0. Evidently, the
simulating codes adequately describe processes in the
setup. The distribution over the angles between kaon
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and charged pion is especially illustrative, since the
structure caused by the discreetness of the H1−H3
hodoscope elements is quite evident.

The numbers of events obtained during complete
simulation of all processes in the setup were ∼80M
(K → ππ0), ∼77M (K → eνπ0) and ∼40M (K →
ππ0π0). In simulations, we took into account ad-
ditional information on some special features of the
setup operation in the course of each run, including
the hodoscope efficiency, the map of failure cells of the
calorimeter, and so on.

7. CALIBRATION OF THE GEPARD
CALORIMETER AND DETERMINATION

OF THE KAON AVERAGE ENERGY

More than 8M of events with one charged and
two neutral clusters were saved on the magnetic data
carriers in the course of the experiment.

Two independent methods were used to calibrate
the calorimeter: by irradiating each cell with a 10-
GeV electron beam at the beginning of data accu-
mulation and by means of kinematic fitting of the
parameters of γ-quanta from K± → π±π0 decays.
The latter procedure was carried out permanently
throughout the experiment, and the final calibration
values were obtained dirung in the off-line processing
of the gained statistics. Both methods provide the
results which are in good agreement with each other.
However, an additional procedure was performed at
the final stage of processing of the experimental data
on Ke3 decay in order to refine the GEPARD cali-
bration coefficients. According to this, the calibration
coefficients were varied so as to make the position
of the maximum of the effective mass distribution for
γ-quantum pairs fromKe3 decay equal to the neutral
pion mass indicated in PDG [7]. This procedure was
applied to each statistical sample portion accumu-
lated separately for kaon of a definite sign, the sign of
the kaon charge being changed 16 times in each run.

We have refined the value of the beam kaon
momentum for an experimental sets of K± → π±π0

events, assuming that none of the decay particle mo-
menta are measured, beam kaon momentum among
them (2C-fit). This procedure was applied separately
to each of the above mentioned parts of statistics. The
most probable value of the beam kaon momentum
appeared to be 36.25 ± 0.25 GeV/c, and a bias of this
value within each part of statistics did not exceed
the indicated uncertainty. We also studied the de-
pendence of the reconstructed momentum on various
physical variables. This value was found to correlate
with the value of the reconstructed coordinate ZV of
the decay vertex, and that was accurately reproduced
by the simulation result.

Table 1. Probability (W ) of reconstruction of Kπ2, Ke3

and Kπ3 decays as the Ke3 decay satisfying the selection
criteria, and their expected share (V ) in the real event
sample set

Simulated decay type∗

K → ππ0 K → eνπ0 K → ππ0π0

W , % 9.07 50.91 20.87

V , % 1.897 2.535 0.367

∗ Note: all decays were simulated with |M |2 ∼ const.

It was found in data processing that the pulse
height sometimes exceeds the ADC range1). The en-
ergy deposition in these cells was taken to be above
the limit preset for the ADC in the algorithm of re-
construction of the cluster center-of-gravity coordi-
nates (4), although the total cluster energy was con-
sidered uncertain. Thus, the value associated with the
energy of electrons or the γ-quanta could be calcu-
lated. Hence the number of the constraint equations
decreased by unity in this case.

We used Kπ2 decays with no less than four con-
straint equations for the methodological studies.2)

8. REJECTION OF BACKGROUND
PROCESSES

The result of simulation showed that the most
substantial background is caused by Kπ2 decay (see
Table 1). The procedure of its suppression was sub-
divided into two successive stages. First kinematic
fit of each event was performed within the hypoth-
esis that particles of the final state were charged
pion (a charged cluster) and γ-quanta (two neutral
clusters)—that is, Kπ2 decay occurred. If the proba-
bility of the Kπ2 hypothesis for the given event was
above 40% as a result of its kinematic fit, its fur-
ther processing was stopped—that is, it was rejected.
Otherwise, the event was fitted within the hypothesis
that Ke3 decay took place (second stage). Since the
neutrino momentum was not measured, the selected
event was fitted with three3) constraint equations
(3C-fit).4) The distribution of events processed in this
manner was used for the statistical analysis of the
experimental data.

1)channel overloading
2)Except for the case of estimation of the beam momentum.
3)or less than three constraints if the ADC channels were
overloaded

4)Here the electron energy is the energy of the charged cluster.

PHYSICS OF ATOMIC NUCLEI Vol. 71 No. 12 2008



2082 AKOPDZHANOV et al.

TheKπ3 events were not fitted similarly within the
kinematic hypothesis of K± → π±π0π0. The topol-
ogy of such decay is consistent with observing one
charged cluster and up to four neutral clusters in
GEPARD. The simulation showed that such events
are efficiently rejected (see Table 1) except for those
with only two of the four neutral clusters observed.
The Dalitz plots of the events with two observed
clusters were obtained by simulatingKπ3 decays with
its subsequent reconstruction within theKe3 hypoth-
esis. These plots were also used in the statistical
analysis of experimental data.

An analysis of the experimental and simulated
events showed that events with the γ-quanta passing
near the window in the exit flange and near the system
fixing it to the flange should be rejected. These events
are caused mainly by Kπ2 decays. In addition, leak-
ages of the shower particles through the GEPARD
window are considerable for a noticeable part of these
γ-quanta. The GEPARD window serves to allow the
passage of the beam particles which have not decayed
within the evacuated pipe volume.

Special features of the kinematics of the two-
particle decay make it possible to introduce suffi-
ciently effective criteria for rejecting events of Kπ2

decay. Let the transverse momentum of π0-meson
(qt) be measured from the axis perpendicular to the
plane determined by the beam kaon momentum and
the unit vector collinear with the charged particle
vector (n+). Then, the transverse momentum of π0

meson is

qt =
pbeam × n+

|pbeam|
· pπ0 . (10)

For example, the constraint |qt| ≥ |qthrt | ∼ 0.05GeV/c
allows reducing the background from Kπ2 to 14% of
the selected statistical sample, but its size decreases
to almost one-third in this case. For this reason, the
indicated criterion was used only in the methodologi-
cal studies.

9. THE MAIN SELECTION CRITERIA
OF EVENTS FROM DECAY Ke3

These are the event selection criteria chosen to be
the main ones:

(1) The conditions of the first and the second level
triggers are met.

(2) The topology of the event complies with the
requirements from subsection 2.3.

(3) The number of measured points is no less than
three per track.

(4) The energies of the γ-quanta5) are above
1 GeV.

5)This threshold was increased up to 2 GeV to estimate the
systematic error uncertainties.

(5) The electron (positron) energy is above 3 GeV.
(6) The missing energy of the decay is above

12 GeV.
(7) The event vertex ZV is sufficiently far from

the entrance and exit flanges of the evacuated pipe
(−40 < ZV < −20 m).

(8) The γ-quantum trajectories do not pass through
the region of the exit flange window and through the
system fixing it on the flange.

(9) The probability of the event to occur via K →
ππ0 decay is below 40%.

(10) The hypothesis of K → eνπ0 decay with two
or three constraint equations (2C- or 3C-fit) is plau-
sible.

Table 1 depicts the probability of meeting themen-
tioned selection criteria for the events from various
decays.

10. DATA ANALYSIS AND RESULTS

10.1. Fitting of Dalitz Plot

The Dalitz plots of the events observed in the ex-
periment and reconstructed as Ke3 decay were fitted
to the following expression

1
N

d2N

dydz
= αρKe3(y, z) + βρKπ2(y, z) (11)

+ (1 − α− β)ρKπ3(y, z),

where

y =
2Ee

mK
, z =

2Eπ0

mK

are the energies of electron and pion, respectively,
in the rest frame of decaying kaon. The functions
ρKe3,Kπ2,Kπ3(y, z) are determined from theMC events
for Ke3, Kπ2, and Kπ3 decays. These events are
processed with a sequence of codes developed to
reconstruct the kinematic parameters of Ke3 decay.
Thus, for ρKe3(x) ofKe3 decays6), we have

ρKe3(x) =
∫
G(x,x′)ρ′Ke3dx′,

where G(x,x′) is the operator which transforms
the kinematic variables x′ into x. The values of x′

variables are obtained in decays Ke3, or Kπ2, or Kπ3

simulated with probability densities ρ′Ke3 , or ρ′Kπ2 , or
ρ′Kπ3 , respectively. The ρ′Ke3 = ρ′Ke3(y′, z′;λ, fT , fS)
function is determined by relation (2) with radiation
corrections to Ke3 decay taken into account; ρ′Kπ2

corresponds to the uniform distribution throughout
the whole phase space of Kπ2 decay, and ρ′Kπ3

6)The expressions for all other kaon decays are similar.
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Fig. 5. Two-dimensional Dalitz plot of selected events.
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Fig. 6. Distributions of real (◦) and simulated (�) events corresponding to expression (11) with parameters obtained in
minimization of the functional− lnL (12).
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Table 2.Dalitz distribution of events obeying the selection criteria (Section 9) fitted to expression (11)

λ+, 10−3 fT (0)/f+(0), 10−2 fS(0)/f+(0), 10−2 α, % β, % 1 − α− β, % χ2/NDF

30.44± 0.83 0 0 68.63 ± 0.10 30.35± 0.09 1.02 4838/4487

30.21± 0.83 5.0 [2] 1.5 [2] 68.65 ± 0.10 30.34± 0.09 1.01 4839/4487

30.43± 0.83 –1.2 [1] –0.37 [1] 68.63 ± 0.10 30.35± 0.09 1.02 4838/4487

depends on the standard variables u and v and the
parameters g, h, k [7]:

ρ′Kπ3(u, v; g, h, k) ∼ 1 + gu + hu2 + kv2.

The values of the parameters g = 0.6259, h = 0.0551,
and k = 0.0082 were taken from our publication [13].

Hence, α, β, λ, fT , and fS are fitted parameters.
They are estimated using the maximum likelihood
method; the logarithm of the likelihood function is

lnL =
r∑
i

[
ni ln

mi

ni
−mi + ni

]
, (12)

where r is the number of the histogram bins; ni and
mi are the quantities of the observed and simulated
events in the ith bin of the Dalitz plot. We used the
MINUIT code [19] to search for the extremum of
functional (12). Expression (11) was recalculated at
each iteration in the search for the extremum.

10.2. Estimation of the Dalitz Plot Parameters

The parameters of expression (11) were estimated
by the analysis of the Dalitz plot for the events which
obeyed the selection criteria from Section 9. The total
number of selected events appeared to be ∼1.08M
in spite of the imposed stringent requirements, while
the number of the simulated events was ∼0.572M
(Ke3), ∼82k (Kπ2), and ∼4.3k (Kπ3). Figure 5
shows the distribution of selected events over the
Dalitz variables. Table 2 presents the estimates of the
fitted parameters7). The estimates were found with
fT (0)/f+(0) and fS(0)/f+(0) fixed, in particular with
their values indicated in [1, 2]. We should note that
the χ2 values are practically identical for all the fitting
versions just as it is expected in agreement with the
conclusions presented in the Appendix. The quality of
fitting the two-dimensional Dalitz plot is illustrated
in Fig. 6 which shows separate "bands" versus y for
the real and simulated events.

7)λ′ = 0 everywhere.

10.3. Systematic Uncertainties

The stability of the beam and detector parameters
was thoroughly controlled in the course of accumu-
lations. Although all measures were taken to provide
the identical properties of the beams of positively and
negatively charged kaons, the mean values of the
angles at which they entered the setup could differ
by ∆ax = 5 µrad and ∆ay = 7 µrad, and their mean
energies could differ by 250 MeV. The systematic
errors caused by these deviations were estimated by
means of splitting the statistical sample with respect
to the sign of beam kaons.

In order to take into account the influence of the
boundary regions on the Dalitz plot, we did not con-
sider the events which lay in the boundary bands; we
also changed the thresholds for the measured ener-
gies of the decay particles, on the missing energy, the
transverse momentum value, and other parameters.
The most significant sources of the systematic error
of the results and their contributions are presented in
Table 3.

We also analyzed other possible sources of the
systematic error, including the instability of the mag-
netic calorimeter calibration and of the scintillation
hodoscope efficiencies with time, the influence of the
Earth magnetic field on the beams of the particles of
different signs, and the difference in the interaction
cross sections of π+ and π− mesons with matter. The
total contribution of these factors to the systematic
uncertainty of the estimates appeared to be insignifi-
cant [12].

11. CONCLUSIONS

Processing of the data on decays of charged kaons
obtained in the experiments with the KMN setup at
IHEP enabled us to extract ∼1.08M candidate de-
cays K± → e±νπ0. The analysis of the Dalitz plots
for the mentioned decays allowed obtaining the fol-
lowing estimate for the linear slope of the charged
form factor:

λ+ = [30.44 ± 0.83(stat.) ± 0.74(syst.)] × 10−3,

which is somewhat above the value [27.74 ±
0.47(stat.) ± 0.32(syst.)] × 10−3 obtained in the
ISTRA+ experiment by use of a statistical sample of
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∼0.9M events from decayK− → e−νπ0 with only the
slope λ+ fitted [1]. Our estimate is also in good agree-
ment with the values λ+ for decays K0 → π±e∓ν,
obtained in the NA48 and KLOE experiments under
the identical conditions (∼5.6M [2] and ∼2M [5],
respectively) with allowance for the difference in the
masses of charged and neutral pions:

λ+(NA48)
(
mπ±

mπ0

)2

= (30.8 ± 0.4) × 10−3,

λ+(KLOE)
(
mπ±

mπ0

)2

= (30.6 ± 0.5) × 10−3.
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APPENDIX

SIMPLE MODEL

Let the number of events n in a single bin of the
Dalitz plot, be a random variable with the Poisson
distribution, that is,

f(n; θ) =
µn

n!
e−µ. (A.1)

Here, the function µ = µ(x; θ) depends on the set of
the Dalitz variables x and on the multidimensional
parameter θ. Then, the Fischer information matrix for
the ith bin is calculated as follows [20]

Mf

[
∂ ln f
∂θl

∂ ln f
∂θk

]
=

1
µ

∂µ

∂θl

∂µ

∂θk
(A.2)

=
∂ lnµ
∂θl

∂ lnµ
∂θk

µ(xi; θ).

Therefore, the information for the whole histogram is

Ilk =
r∑

i=1

∂ lnµ
∂θl

∂ lnµ
∂θk

µ(xi; θ), (A.3)

Table 3. Sources of systematic uncertainties and esti-
mates of their values (δ)

Source δ, 10−3

Variation of the size of rejected boundary
region

±0.16

Variation of γ-quantum energy threshold
(>1.5 GeV)

±0.69

Variation of the beam kaon sign ±0.35

Variation of the size and the location of the
beam kaon decay volume

±0.34

Total systematic uncertainty of results ±0.74

where r is the total number of the histogram bins.
Supposing that

µ ∼ ρKe3(x; θ)∫
ρKe3(x; θ)dx

, (A.4)

where ρKe3 complies with expression (2), we calcu-
lated the elements of the Fischer information matrix
at θ8) as follows:

λ = 24.85 × 10−3, fT = −1.2 × 10−2, (A.5)

fS = −0.3 × 10−2.

The Kullback-Leibler distance9) defined as

r[fθ1, fθ2] =
∫

ln
f(x; θ1)
f(x; θ2)

f(x; θ1)dx (A.6)

= Mθ1

[
ln
f(x; θ1)
f(x; θ2)

]
,

measures the difference between the functions f(x; θ1)
and f(x; θ2). It plays an important role in mathematic
statistics, particularly in the theory of estimators
and the theory of statistical inference. The following
relation has been shown to be valid (see [20, 21] for
example):

lim
∆→0

r[fθ, fθ+∆ω]
∆2

=
1
2
ωI(θ)ωT , (A.7)

where ω is some unit vector which is arbitrarily ori-
entated in the space of the θ parameters; I(θ) is the
Fischer information matrix calculated with the preset
values of the θ parameter.

Hence, the following relation is valid for a line of
equal level r[fθ1, fθ2] = const

∆λ : ∆fT
: ∆fS

=
1√
I11

:
1√
I22

:
1√
I33

8)These are the mean values for the international data on Ke3

decays from PDG [7].
9)or the Kullback-Leibler information (see [21] for example)
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under the condition that only one of the parameters
is varied while all the rest of them are fixed. With
the values (A.5), we obtain the following estimates
from (A.3) and (A.4)

∆λ : ∆fT
: ∆fS

= 0.411 : 112 : 26.7 (A.8)

= 1 : 2.73 × 102 : 0.65 × 102,

which implies that the scales of λ and fT variations
differ more than by a factor of 270 and the distinction
between the λ and fS scales is almost 70-fold if
the considered region of the parameters is a vicinity
of the point with the coordinates close to the mean
international values of λ, fT , and fS [7]. Thus, it
should be expected that the hypotheses with θ and
θ+ ∆ω will be indistinguishable within the maximum
likelihoodmethod for the sample sizeN ∼ 106 for any
θ = (λ, fT , fS) values lying inside the cube with sides
of ∆λ ∼ 0.4 × 10−3, ∆fT

∼ 112 × 10−3, and ∆fS
∼

26× 10−3. It should be emphasized that the inclusion
of any additional information into the likelihood func-
tion (12) can change considerably the estimates and
the conclusions obtained here.

In conclusion, note that the estimates of the pa-
rameter correlations also obtained within the Fischer
information matrix (A.3) are consistent with the val-
ues

ρλfT
= −0.167, ρλfS

= 0.331, ρfT fS
= −0.681.
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